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The famous Laws

Equilibrium Principle -- minus first Law

An isolated, macroscopic system which is placed in an arbitrary
initial state within a finite fixed volume will attain a unique
state of equilibrium.

Second Law (Clausius)

For a non-quasi-static process occurring in a thermally isolated
system, the entropy change between two equilibrium states is
non-negative.

Second Law (Kelvin)

No work can be extracted from a closed equilibrium system
during a cyclic variation of a parameter by an external source.
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Entropy in Stat. Mech.

S = kB In Q(E, V, )
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density of states






(2) Specific heat of small grains at low T

T < T :

Debye
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Montroll, Mazo & Onsager, Kubo,
Baltes & Hilf, etc.
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Boltzmann  vs. Gibbs 2

v(E,Z) = 0w/dE,
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Summary

* Entropy candidates for isolated systems:




Example |: Classical ideal gas

(2m ) 3N/2

~ NWIT(dN/2 + 1)

Q(E,V) = aEN2yN, Q

Se(E,V,A) = kg In[ew(E) Sa(E,V,A) = kg In|Q(L))
Vs.
- (‘%N _ 1) kT B =" kT,




| 1y
First law

dEE = 0Q) + 0A = TdS—andZn

0 =1(02) - 02,
Gibbs

1o (228) =22 o - ] - Lnf- Lot )

() ) (g

see also Campisi, Physica A 2007
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Negative Temperatures?

Lincoln D. Carr
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Population inversion of one-particle levels
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Negative Absolute Temperature for
Motional Degrees of Freedom

S. Braun,™? J. P. Ronzheimer,™? M. Schreiber,* S. S. Hodgman,™? T. Rom,"?

I. Bloch,>? U. Schneider®?*

Because negative temperature systems can ab-
sorb entropy while releasing energy, they give
rise to several counterintuitive effects, such as
Carnot engines with an efficiency greater than
unity (4). Through a stability analysis for thermo-
dynamic equilibrium, we showed that negative
temperature states of motional degrees of free-
dom necessarily possess negative pressure (9) and
are thus of fundamental interest to the description
of dark energy in cosmology, where negative pres-
sure 1s required to account for the accelerating
expansion of the universe (/0).

v’ Carnot efficiencies > |

v’ Dark Energy
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Measuring 75 vs. TG e

One-particle distribution postive temperature

Schematic experimental distribution

One-parameter thermal fit

TI’N_l [5(E — HN)]

WN

p1 = Try_1|pn]| =

Probability P(E)

kBT> 0

Low energy £ .
Energy £

Steepest-descent approximation

e_EE/(kBTB)

Z )

P1 = eXP[ln ,01] — Dy 7 — Ze_EE/(kBTB)‘
12

see e.g. Huang’s textbook

features Ig and not 1g

—> one-particle thermal fit does not give absolute T =T

Generally . (8TG>1
~\0F
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Consistent thermostatistics forbids negative

absolute temperatures

Jorn Dunkel'* and Stefan Hilbert?

Over the past 60 years, a considerable number of theories and experiments have claimed the existence of negative absolute
temperature in spin systems and ultracold quantum gases. This has led to speculation that ultracold gases may be dark-energy
analogues and also suggests the feasibility of heat engines with efficiencies larger than one. Here, we prove that all
previous negative temperature claims and their implications are invalid as they arise from the use of an entropy definition
that is inconsistent both mathematically and thermodynamically. We show that the underlying conceptual deficiencies can
be overcome if one adopts a microcanonical entropy functional originally derived by Gibbs. The resulting thermodynamic
framework is self-consistent and implies that absolute temperature remains positive even for systems with a bounded
spectrum. In addition, we propose a minimal quantum thermometer that can be implemented with available experimental

techniques.

thermodynamics', has repeatedly been challenged both

theoretically”* and experimentally””. If indeed realizable,
negative temperature systems promise profound practical and
conceptual consequences. They might not only facilitate the
creation of hyper-efficient heat engines’™ but could also help’ to
resolve the cosmological dark-energy puzzle®®. Measurements of
negative absolute temperature were first reported in 1951 by Purcell
and Pound® in seminal work on the population inversion in nuclear
spin systems. Five years later, Ramsay’s comprehensive theoretical
study? clarified hypothetical ramifications of negative temperature
states, most notably the possibility to achieve Carnot efficiencies
n > 1 (refs 3,4). Recently, the first experimental realization of an
ultracold bosonic quantum gas” with a bounded spectrum has
attracted considerable attention'® as another apparent example
system with T < 0, encouraging speculation that cold-atom gases
could serve as laboratory dark-energy analogues.

Here, we show that claims of negative absolute temperature
in spin systems and quantum gases are generally invalid, as they
arise from the use of a popular yet inconsistent microcanonical
entropy definition attributed to Boltzmann''. By means of rigorous
derivations'* and exactly solvable examples, we will demonstrate
that the Boltzmann entropy, despite being advocated in most
modern textbooks!?, is incompatible with the differential structure
of thermostatistics, fails to give sensible predictions for analytically
tractable quantum and classical systems, and violates equipartition
in the classical limit. The general mathematical incompatibility
implies that it is logically inconsistent to insert negative Boltz-
mann ‘temperatures’ into standard thermodynamic relations, thus
explaining paradoxical (wrong) results for Carnot efficiencies and
other observables. The deficiencies of the Boltzmann entropy can
be overcome by adopting a self-consistent entropy concept that
was derived by Gibbs more than 100 years ago', but has been
mostly forgotten ever since. Unlike the Boltzmann entropy, Gibbs’
entropy fulfils the fundamental thermostatistical relations and
produces sensible predictions for heat capacities and other ther-
modynamic observables in all exactly computable test cases. The

Positivity of absolute temperature T, a key postulate of

Gibbs formalism yields strictly non-negative absolute temperatures
even for quantum systems with a bounded spectrum, thereby
invalidating all previous negative temperature claims.

Negative absolute temperatures?

The seemingly plausible standard argument in favour of negative
absolute temperatures goes as follows': assume a suitably designed
many-particle quantum system with a bounded spectrum®’ can
be driven to a stable state of population inversion, so that most
particles occupy high-energy one-particle levels. In this case, the
one-particle energy distribution will be an increasing function of the
one-particle energy €. To fit”!? such a distribution with a Boltzmann
factor ocexp(—fBe€), B must be negative, implying a negative Boltz-
mann ‘temperature’ Tz = (kg8)™' < 0. Although this reasoning
may indeed seem straightforward, the arguments below clarify that
Ty is, in general, not the absolute thermodynamic temperature T,
unless one is willing to abandon the mathematical consistency of
thermostatistics. We shall prove that the parameter T = (kz8)~",
as determined by Purcell and Pound® and more recently also in
ref. 7 is, in fact, a function of both temperature T and heat capacity
C. This function T(T, C) can indeed become negative, whereas the
actual thermodynamic temperature T always remains positive.

Entropies of closed systems

When interpreting thermodynamic data of new many-body states’,
one of the first questions to be addressed is the choice of the
appropriate thermostatistical ensemble'>!®. Equivalence of the
microcanonical and other statistical ensembles cannot—in fact,
must not—be taken for granted for systems that are characterized
by a non-monotonic**’ density of states (DOS) or that can undergo
phase-transitions due to attractive interactions'’—gravity being a
prominent example'®. Population-inverted systems are generally
thermodynamically unstable when coupled to a (non-population-
inverted) heat bath and, hence, must be prepared in isolation®.
In ultracold quantum gases’ that have been isolated from the
environment to suppress decoherence, both particle number
and energy are in good approximation conserved. Therefore,

"Department of Mathematics, Massachusetts Institute of Technology, 77 Massachusetts Avenue E17-412, Cambridge, Massachusetts 02139-4307, USA,
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Weakly coupled systems

System @ Environment in thermal
equilibrium at total energy Eiot

ps(x) = Z te Pt
B — /drse—ﬁ”5<x)

x € ['s : phase space of system

d3N d3N
dlhs = % : volume element
05
—1U5t0t .
Einteraction << Esystem 8= kB DEe, : Inverse temperature
(o}

Standard form of canonical equilibrium of a subsystem holds for
large systems with short-range interactions:

2/3
Einteraction X Vs/ > Esystem x Vs
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Erunt multi qui, postquam mea scripta legerint, non ad
contemplandum utrum vera sint quae dixerim, mentem
convertent, sed solum ad disquirendum quomodo, vel
iure vel iniuria, rationes meas labefactare possent.

G. Galilei, Opere (Ed. Naz., vol. |, p. 412)

There will be many who, when they will have read my
paper, will apply their mind, not to examining whether
what | have said is true, but only to seeking how, by
hook or by crook, they could demolish my arguments.
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Fs=—-81InzZ : free energy

0 .
Us = —% InZ = (Hs)s : internal energy
Ss = kgInZs — kB/Baaﬁ InZs ='—kg(In ps)s : entropy
yielding
Fs = Us — TSs (1)
0
Us = BT (BFs) (2)
0
Ss = kg3? == Fs (3)

op

Any pair of the three equations (1 — 3) implies the third one.
Potentials Fs, Us and Ss satisfying (1 —=3) are
THERMODYNAMICALLY CONSISTENT.
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Strongly coupled systems

macroscopic system  solvated system,
microscopic system with long-range e.g. pinch of salt in
interactions a pot of water

Hiot(x,y) = Hs(x) + Hi(x,y) + Hg(y) : total system’s Hamiltonian

x€ls, Ts phasespace of system

y€lg, [Ip phase space of environment



Strongly coupled systems

Heot(x,y) = Hs(x) + Hi(x,y) + Hg(y) : total system's Hamiltonian
x€ls, [s phase space of system
yelg, [ phase space of environment

Let the total system stay in a canonical equilibrium state at inverse
temperature :

pa(x.y) = Zihe e
Ziot = / dlsdl ge™AHhor(xy)

Then the system is in the state

pa(x) = / dTsps(x,y)
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The reduced state pg(x) in general differs from the Gibbs state

Z5 e PHX) of a weakly coupled system. To write pg(x) in the
form of a Gibbs state one introduces the HAMILTONIAN OF MEAN
FORCE H*(x) defined by

e_ﬁH*(X) — <e_6(H5(x)+Hl(x7y))>B
s / dF e BUHS(+Hi(xY)+He ()

Zg = /drBe—ﬁHB(Y)

H*(x) = HS(X) _ 6—1 |n<e—ﬁH,-(x,y)>B
ps(x) = Zgte PH'™

2 — [ drse " 2125
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Warning

W1 Note that A* (H*(x)) determines ps (pg(x)) but not vice
versa:

Inpg = —BH* —InZs

In other words, H¢ cannot be inferred from the intrinsic point of
view of the open system, say in terms of tomography of the open
system density matrix. Additional information from the
environment in the form of Zs = Zot/Zp is required.
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Thermodynamics

Fs = —5—1 InZs = Frot — Fg

Us = BﬁFS Uiot — Up

Ss = kBBQGB s = Stot — SB

02
g0 Fs = Gou = G

The potentials Fs, Us and Ss are thermodynamically consistent
because they follow from a partition function.

Cs = —kpf3”

R.P. Feynman, F.L. Vernon, Ann. Phys. (N.Y.) 24, 118 (1963).

G.W. Ford, J.T. Lewis, R.F. O'Connell, Phys. Rev. Lett. 55, 2273 (1985).
P. Hanggi, G.-L. Ingold, P. Talkner, New J. Phys. 10, 115008 (2008).
G.-L. Ingold, P. Hanggi, P. Talkner, Phys. Rev. E 79, 061105 (2009).
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Further warnings

W2 INTERNAL ENERGY

Us = _8(?8 InZs = <%BH*>S = (H*)s + B(OH"/0B)s

(Vs = Zsl/dl’s e PH

The internal energy in general does not agree with the average of
the Hamiltonian of mean force. The temperature dependence of
H* entails an additional contribution.

W3 ENTROPY

Ss = —kg(In pg)s + kgB*(OH* /0B)s

The entropy in general deviates from the Shannon-Gibbs (von
Neumann) entropy due to the temperature dependence of the
Hamiltonian of mean force.
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Is the dynamics of open quantum systems always linear?

o Karen M. Fonseca Romero,™ Peter Talkner, and Peter Hanggi
Institut fir Physik, Universitat Augsburg, Universitatsstrasse 1, D 86315 Algsburg, Germany

(Received 1 December 2003; published 17 May 2004)

We study the influence of the preparation of an open quantum system on its reduced time evolution. In contrast to the
frequently considered case of an initial preparation where the total density matrix factorizes into a product of a system density
matrix and a bath density matrix the time evolution generally is no longer governed by a linear map nor is this map affine.
Put differently, the evolution is truly nonlinear and cannot be cast into the form of a linear map plus a term that is independent
of the initial density matrix of the open quantum system. As a consequence, the inhomogeneity that emerges in formally
exact generalized master equations is in fact a nonlinear term that vanishes for a factorizing initial state. The general results
are elucidated with the example of two interacting spins prepared at thermal equilibrium with one spin subjected to an external
field. The second spin represents the environment. The field allows the preparation of mixed density matrices of the first spin
that can be represented as a convex combination of two limiting pure states, i.e., the preparable reduced density matrices make
up a convex set. Moreover, the map from these reduced density matrices onto the corresponding density matrices of the

total system is affine only for vanishing coupling between the spins. In general, the set of the accessible total density matrices
IS nonconvex.
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Ui
Microcanonical thermostatistics

P H(Z)=E

q
W
D-Operator DoS
S(E— H w(E, Z) = TY[3(E — H)] = 0
p(E|E, Z) = ( » ) (E. Z) = TH{O(E — HY
T IntDoS
Thermodynamic Entropy !
Se(FE) = In (e w) Sa(F) =1nQ

VS.
Boltzmann (?) Gibbs (1902), Hertz (1910)




n:=-
Second law s

Gibbs Sc(E) =nQ

Q(Ea+ Ep)

/,
Ex+Es E'
— / dE’/ dE"ws(E"ws(Egq + Eg — E')
0 0

Es+Esg E 4
dE,/ dE”wA (E”)wg (EA + By — E’)
0

A Exg
— dE//w_A (E//) / dE//,CUB (E///)
0 0

= Qa(FEa) Qp(Esp).

—> Scap(EBa+ Es)> Sca(Ea)+ Scs(Es)
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n:=-
Second law s

Boltzmann Sp(E) = In (ew)
Ea+Eg
cew(Egqg+ Eg) = 6/ dE' wy (Ews (Eq+ Eg — E')
0

Z cwalBa)ws(Es)





