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Abstract

The problem of diffusion of Brownian particles is revisited under the condition of fluctuactions
of the Stokes friction, which depends on the viscosity of the medium surrounding the Brownian
particle, as well as on its shape and size. Various classes of discontinuous and continuous
stochastic processes describing fluctuating friction are considered. All these cases lead to normal
diffusion. The diffusion constant, however, deviates from the usual Einstein form: in particular it
generically depends on the Brownian particle’s mass. For all considered cases it is a decreasing
function of mass. (©) 2000 Elsevier Science B.V. All rights reserved.

PACS: 02.50.Ey; 05.40.—a; 05.40.Jc; 05.60.cd; 46.65+¢g
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1. Introduction

Diffusion plays an important role in a variety of physical transport mechanisms [1,2].
A hallmark of diffusion theory is the Einstein relation which connects the diffusion
constant to the friction coefficient [3]. In this case it turns out that the diffusion constant
actually becomes independent of the mass m of the Brownian particle: it solely depends
on its geometry and the viscosity and temperature of the environment. This conventional
description of diffusion, however, breaks down in dense fluids if the particle density and
the density of the surrounding medium become of comparable order. A typical example
is the dynamics of a Brownian particle being described by the Basset—Boussinesq
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equation (which is valid when the density of the fluid is of the same order as of the
particle). The corresponding diffusion constant then reads [4]

D =Dy (1+2%) , (1.1)

where Dp is the (mass-independent) Einstein diffusion constant and m, denotes the
mass of the fluid displaced by the diffusing particle. Yet another example is provided
by the diffusing aggregate of fractal dimension d, for which D oc m~% [5]. This
relation has been derived theoretically [6], obtained from simulations [7] and confirmed
experimentally [8].

In this work we find another situation where the diffusion constant becomes gener-
ically dependent on the diffusing particle’s own mass. The situation is provided by a
thermal equilibrium dynamics which satisfies detailed balance symmetry with a fluctu-
ating friction coefficient [9]. For example, this can be realized with particles diffusing
in ferroelectric fluids when external stochastic magnetic fields are controling the in-
trinsic viscosity. Generically, the viscosity can be manipulated in an a priori manner in
systems possessing a fluctuating resistance value. Some specific examples that come to
mind are the giant magnetic resistance phenomenon [10], or, likewise, the recently dis-
covered colossal magnetic resistance effect [11]. Another class is provided by solid-state
systems wherein the damping is governed by an internal resistance.

It has been shown previously [9] that the effective diffusion in fluctuating media is
bounded from below by the conventional Einstein result Dy and from above by its
average:

Dp =ksT/{(7)) SD<(D) = ksT(y™") , (1.2)

wherein y denotes the fluctuating friction coefficient and the brackets indicate the aver-
age over the corresponding ensemble. In the following, we generalize the investigation
of Ref. [9] for dichotomic fluctuations to more general discrete fluctuations of shot
noise and Kubo—Anderson type as well as to a positive valued continuous process.
In doing so we derive a general relationship between the dynamical properties of the
friction fluctuations and the effective (position) diffusion constant. In Section 2 we re-
view the model dynamics of diffusion driven by fluctuating friction. Section 3 contains
the material providing the above mentioned connection between the friction dynamics
and diffusion constant. In the remaining section we present explicit results for various
discrete and continuous stochastic friction dynamics.

2. Set up of model dynamics

We consider here the motion of a Brownian particle of mass m which experiences
a fluctuating friction y(z). Following the reasoning in Ref. [9] we investigate the
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following extended Langevin equation:

X=v,
mv = —p(z)v+ /29(2)ksT f(¥) , (2.1)

which satisfies via the fluctuation—dissipation relation the detailed balance symmetry.
In (2.1) a dot denotes a derivative with respect to time ¢, and f(¢) is a Gaussian white
noise source, satisfying,

(f(0)) =0, (f()f(s))=0(—s). (2.2)

We assume that z = z(¢) is an environmental variable which influences the friction
coefficient but does neither depend on the state (x,v) of the Brownian particle nor on
the fluctuating force f(¢). In particular, this means that we neglect any backreaction
of the state of the particle on the environment that would influence the viscosity.
We note that the friction coefficient must be non-negative for all realizations of the
environmental variable z(¢). For the sake of simplicity only, we assume a stationary
and Markovian time evolution of the environmental variable z(¢), with the fluctuating
friction given by

P(z) =70 +2(¢)=0. (2.3)

Thus, z(¢) is bounded from below by —y¢. Its mean value (z(¢)) does not depend
on time and its correlation function (z(#)z(s)) = (z(# — s)z(0)) only depends on the
time-difference (¢ — s).

We focus here on the behavior of the particle’s mean square displacement (x*(¢))
in the limit of long times ¢. In this context the behavior of the long-time limit of the
position-velocity correlation function lim,_, (x(#)v(z)) is important. It can be found
from the formal solution of the Langevin equation (2.1), yielding

! 20(s)kgT
v(t) =e "Wy, + /0 dse*““”“”q/¥ f(s) . (2.4)

Here vy is the initial velocity and I'(¢) denotes the integrated friction, i.e.,

1 t
F(I)ZE/O ds9(z(s)) . (2.5)

A further integration yields the position x(¢). For the position-velocity correlation func-
tion one then obtains after some algebra:

(o)) = Gon o) + (63 = 27 ) [ s et

m

kT [* ,
+B—/ ds (e 7™y (2.6)
mJo
where x( denotes the initial position.

From the three terms of the right-hand side the third one dominates the long-time

behavior of the velocity-position correlation function (for details see Appendix A). It is
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therefore our first goal to express the mean-value (exp{—I'(s)}) and its time-integral in
terms of the viscosity fluctuations z(¢). For this purpose consider the integrated process,

Z(t) = /0, dsz(s) 2.7)

and its corresponding probability density p(Z,¢). Once we know p(Z,¢), the mean value
of (exp{—T'(s)}) follows from the characteristic function of Z(¢):

Pk, 1) = (") = / dze*¥p(z,t), (2.8)
as
(e Ty = e=i/m 5(i/m, 1) . (2.9)

The long-time behavior can often be inferred from the Laplace transform of the char-
acteristic function:

plk,u) = /OOO dt e " pk,t) . (2.10)

In the case of ordinary diffusion the velocity position correlation approaches the diffu-
sion constant in the limit ¢ — oo,

L 1dP@)
D= tl_l)rgo TR tgngo<x(t)v(t)> . (2.11)
and consequently from (2.6) we find as a first main result
kgT [*° , kT
D=2~ / de e (o= 200y = BT 5(iim, o /m) . (2.12)
m 0 m

Although we will not meet an example of anomalous diffusion in the sequel, for the
sake of completeness, we give here also the expressions of the diffusion constant for
such cases. Anomalous diffusion is charcterized by an algebraic growth of the vari-
ance of the position being slower than linear in time for subdiffusion and faster for
superdiffusion [12], i.e.,

(x*(1)) = 2D, 1" . (2.13)
For the anomalous diffusion constant one then finds the relation

_ a—1 ars
= T A p(i/m,u + yo/m) . (2.14)

For o =1, Eq. (2.12) is readily recovered.
3. Relationship between friction dynamics and the characteristic function

As a stationary Markovian process, the conditional probability of the viscosity fluc-
tuations fulfills a master equation (forward equation)

0
517(2,1\2’) = Ap(ztlZ'), 3.1
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where A is the master operator of the considered process acting on the z-dependence
of the conditional probability p(z,#|z’). The combined process {Z(z), z(¢)} is also
Markovian. In view of the fact that

Z(t)y=z(t), Z(0)=0, (3.2)
the joint probability p(Z,z;¢) of the pair {Z(¢),z(¢)} obeys the extended master

equation:

0 0
ap(Z,z,t)——&Zp(z,z,t)—k/lp(z,z,t) (33)
with the initial condition

p(Z,2,0) = d(Z) ps(2) (3.4)

where J(x) is the Dirac d-function and pg(z) the stationary distribution of the viscosity
fluctuations, obeying

Apa(z) =0 (3.5)

The initial distribution of the process Z(¢) follows from (3.2). The marginal probability
p(Z,t) follows from p(Z,z;t) by an integration over z:

p(Z,t):/dep(Z,z;t) (3.6)

where Q is the phase-space of the fluctuations z(¢). Upon a Fourier transformation with
respect to Z and a Laplace transform with respect to time ¢ one obtains for

o
pk,zyu) = / dz / dr e pn(Z z; 1), (3.7)
0
the following inhomogeneous equation:
(u — ikz — A) plkz3u) = pa(2) . (3.8)

For normal diffusion the diffusion constant in (2.12) emerges as

T

D p(i/m,z;y0/m)dz
Q

1
=kpT | ——— d 3.9
o [ )z, (39)

where Eq. (3.6) has been used. In the second line we have inserted the formal solution
of Eq. (3.8). This relation establishes the general connection between the diffusion
constant D and the stationary stochastic friction dynamics. In the next section we
consider selected examples of models for fluctuations z(#) for which the solution of
Eq. (3.8) can be obtained, and an explicit form of the diffusion constant D can be
derived.
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4. Examples
4.1. Delta-correlated shot noise

In this subsection we consider white shot noise as a model of the friction fluctuations
z(t). Because the characteristic function of integrated white shot noise is known, the
diffusion constant (2.12) can immediately be determined. White shot noise is defined
as [13]

n(1)
2t)=Y_aid(t — ;) — ia), (4.1)
i=1
where the random instants #; are the arrival times of a Poissonian counting process n(t)
with parameter 4; i.e., the probability that £ d-impulses occur within time # is given by
the Poissonian distribution Pr{n(¢) =k} = (it)fexp(—Ait)/k!. Accordingly, the duration
s between successive Poissonian arrival times, s =% —t;_;, is exponentially distributed
with the probability density 4 exp(—As). The parameter 4 determines the mean number
of the J-impulses per unit time; it equals the reciprocal average sojourn time 74, = 1/4
between two J-impulses. The positive-valued amplitudes {a;} of the J-impulses are
identically distributed random variables with mean-value (a). They are independent
of each other, and of the counting process n(¢). The common probability density of
the weights {a;} is denoted by w(a), @ > 0. The sum of weighted J-impulses on the
right-hand side of Eq. (4.1) is compensated on average by the bias

zo = A{a) . (4.2)

In order that the friction constant (2.3) is non-negative we have zy <1v.
From definition (4.1) it follows that the shot noise has a vanishing mean value and
is d-correlated; i.e.,

(2(0) =0, (2(r)z(u)) = (a®)o(t —u) , (4.3)

where (a?) denotes the variance of the amplitudes a;. The characteristic function j(k,?)
of the integral of process (4.1) can be expressed in terms of the characteristic function
w(t) of the amplitudes of the shot noise

v(k) = ood ika . 44

w(k) /0 ae™w(a) (4.4)
It reads [14]

(k,t) = exp[ — ikzot] exp{A[W(k)— 1]¢} . (4.5)

The Laplace transform of the characteristic function with respect to ¢ is easily obtained.
With (2.12) the diffusion constant yields the result

p= st {7% — Ma)
m m

—1
+ A1 — W(i/m)]} , (4.6)
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which still depends on the yet unspecified distribution w(a) of the d-impulse amplitudes.
The assumption of positive friction, i.e., 79 > zo = A{a) (cf. (2.3)) and the relation
1 —w(i/m)=0 ensure a positive value of D in (4.6).

As an example, we assume a Gamma distribution of the amplitudes; i.e.,

MO B
where the exponent u > 0, the scale parameter B > 0, I'(x) stands for the Gamma
function, and @(x) denotes the Heaviside step function, respectively. The moments of
a become (a") = B"I'(1t + r)/I'(1). The most probable value is found at a = 0 for
0<u<land at a=(u— 1)B for u=1. Eq. (4.6) then takes the form

a e BO(a), (4.7)

wyy 1
where
kgT
= 4.9
) )

is Einstein’s diffusion constant of ordinary Brownian motion with the average friction
coefficient given by (y(z)) = yo.

In the particular case of u=1 one obtains an exponential distribution of amplitudes
with a most probable value located at zero, (a) = B and the bias zy = AB < yy. The
diffusion constant (4.8) then reduces to the simple expression

AB
D =Dg 1+y0—/lB+myo/B . (4.10)
In contrast to Einstein’s diffusion constant Dg, D depends on mass! The diffusion con-
stant possesses the same mass dependence as for dichotomic noise [9]. With increasing
mass the diffusion constant approaches Dy from above, being in accordance with the
generally valid inequality D>Dg (cf. (1.2)).
For u =2 the corresponding diffusion constant results as

2)B3 + 3mIB?
(yo — 2AB)(m + B)? + mAB2m + B) |

This case depicts a more complex dependence on mass m.

D=Dg |1+

(4.11)

4.2. Kubo—Anderson fluctuations

The Kubo—Anderson process is a particular case of the large class of kangaroo
stochastic processes. It is a purely discontinuous (Kolmogorov—Feller) stationary stochas-
tic process for which the transition probability per unit time P(z;|z;) for a jump from
the state z; into the state z, is independent of the initial state [15], i.e.,

P(z2]z1) = q(z2)vo - (4.12)

Here, we have introduced the normalized probability density ¢g(z) of final states and the
jump-rate vy which by definition is independent of the initial state. The waiting-time
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distribution is exponential and thus the mean waiting time reads t,, = 1/vy for all
states. Accordingly, the master-operator A governing this process acts on the probability
density p(z,t) of the process z(¢) as

Ap(z,t) = —vop(z,t) + qu(Z)/Qp(y,t)dy : (4.13)

Note that Ag(z) =0, and consequently ¢(z) is the stationary probability density of the
process z(t)

psi(z) =q(2) . (4.14)
In order to determine the diffusion constant, we have to solve Eq. (3.8) which now
takes the form

(z + mvo + 7o) p(i/m, z; yo/m) — mvoq(z) /Q p@i/m, y,p0/m)dy =mq(z), (4.15)

where we have used the relation (4.14). This is an integral equation with respect to
p(i/m,z,y0/m) with a degenerate kernel [16]. It can readily be solved to give

q(2)

p(i 70) = 4.16
Pi/m,z,70) Ty Rr———— (4.16)
where
d
A:/ _4()dz _ (4.17)
QZ+mvy+ 7o
With (3.9) one obtains for the diffusion constant the expression:
A
D=kgT —— . 4.18
BT — mvod (4.18)

The diffusion constant depends via the constant 4 on the still unspecified jump-
distribution ¢(z) for which we consider two examples:

(1) For a uniform jump distribution on the interval Q =[ — zg,zp], 0 < zy < yo the
average friction becomes (y(z)) =y, and the constant 4 is given by

g Lo Mot o+ 20

. 4.19
229 mvo + Y0 — 2o ( )

(2) As an example of a jump-distribution that is unbounded from above we consider
the Gamma distribution defined on Q = [0, )

q(z) = pu(z) = e 0 (z) , (4.20)

el (p)
where the exponent u and the scale-parameter ¢ are positive. In this case the averaged
friction coefficient is

(1)) =70 + ue (4.21)
and
A=+ Gy eI = i+ ) (4.22)

where mi=mv,/c and §,=7yo/c denote rescaled dimensionless mass and reference friction,
respectively, and I'(a,x) stands for the incomplete Gamma function.
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4.3. Continuous fluctuations

Here, we present a model of continuous friction fluctuations. Let us define the process
z(t) by the Ito stochastic differential equation [17]

Z=w—Pz+V2ez f1(t), z€Q=[0,00), (4.23)

where the parameters w,§ and ¢ are positive and f1(¢) is delta-correlated Gaussian
noise of zero mean and with the same correlations as in (2.2). This process results
from the transformation z = y? of the amplitude part of a Rayleigh process y(¢) which
is defined by [18]

0=+ 2=

50 +\Ff1(t) (4.24)

For the particular case w = ¢/2, y(¢) becomes an Ornstein—Uhlenbeck process. In
Appendix B the spectral representation of the Fokker—Planck operator and the tran-
sition probability are presented. Moreover it is shown that the process z(¢) is expo-
nentially correlated. Its stationary probability distribution pg(z) is given by a Gamma
distribution (4.20) with the parameters

u=ole, c=¢/f. (4.25)

Hence, the averaged friction coefficient is given by (4.21). In order to find the solution
of Eq. (3.8) we proceed in two steps. First, we split off the stationary distribution from
the Laplace transformed characteristic function p(i/m,z;yo/m)

p(ifm,z;p0/m) = ps(2)W (2) (4.26)

and obtain for the remaining function W(z)

dz? dz dz

This procedure results in a non-homogeneous ordinary differential equation of second
order. In a second step we solve (4.27) by setting for W (z) the ansatz

[zd2+ $ g om—zim| Wy = 1. (4.27)

h
W(z) = / e (s)ds , (4.28)

ho
where ¢(s) is an unknown function and the interval of integration needs to be specified.
Upon insertion into Eq. (4.27) we find the relation

/hI e_”{(ssz—kﬁs 1/m )ﬂ—i—[(Zs—w)s—Fﬁ—“ }
Yo/m]g(s) ¢ ds
ho
e [es® + fs — 1/m]¢(s)|h‘0 =—1. (4.29)

This equation holds if two conditions are satisfied: the expression in the curly bracket
under the integral vanishes and the last (boundary) term is equal to —1. The former
condition yields a first-order differential equation for the function ¢(s), namely,

(25" + s = 1/m 2 = (0 2015 — B+ 30/mIo ). (430)
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Table 1
Dimensionless parameters for fluctuationg friction models; p and 7 may only
take positive values; the allowed ranges of 7, are indicated

Shot noise Kubo—Anderson Continuous noise
Iz Iz Iz o/t
) 70/(uAB) € [1,00) Yo/c € [0,00) voB/e € [0,00)
m m/B mvg/c mp?/e
Its solution reads
J u—0o—2
N N
¢(S)=¢(0)‘1— l—— ; (4.31)
S1 S2
where
—+S(4F1), 4= 172
Sip = 2( F 1), = (1 +4c/mB)’'=,
5= /2 — 1+ (yo/mB — /2)/4 . (4.32)

The second condition is fulfilled if one assumes that #p =0, ¢(0) =m (which gives an
initial condition for the differential equation (4.30)) and #; is one of two roots {si,s3}.
We choose the positive root s; because W(z) must be positive.

The diffusion constant D is obtained from W(z) via the expression

p— KT [T s W(cz)dz (4.33)
mI'(1) Jo
Inserting (4.28) into this equation and integrating over the z-variable yields the result:
k T ) ¢ p—06—2
D:B—/ (1 - S) <1+S) (1+s)"ds, (4.34)
¢ Jo So 1+ 50

where sy = s1¢c = (4 — 1)/2. The integral exists for all values of parameters because
0> —1.

5. Diffusion with fluctuating friction: discussion of example cases

For all presented models of friction fluctuations, the diffusion constant D is a
monotonically decreasing function of mass m which approaches the Einstein diffusion
constant (4.9) as m grows to infinity. All our examples are characterized by three
dimensionless parameters: an exponent u, a dimensionless reference friction j, and a
dimensionless mass 7 (see Table 1). For the delta-correlated shot noise fluctuations
with Gamma distributed amplitudes, the diffusion can be rescaled to read

D . i i V117!
D—E:yo[%_l_‘_ﬁ{l_(l—ﬁ—nﬁ)” . (5.1)
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o+———1——T T

-2

-1
loglo(m)

0

1

Fig. 1. D/Dg for white shot-noise with Gamma distributed impulse strengths as a function of log;(7) for
different values of §, =1.1,1.3,1.5,1.7,1.9 (from top to bottom) and u = 0.1.

L0 I S B S B B B B L B N N B B B B

-1

0 1

loglo(ﬂ)

2 3

Fig. 2. D/Dg for Kubo—Anderson friction driven by Gamma distributed noise (solid lines) and for continuous
friction fluctuations (crosses) as a function of log;,(u) for j, =1 and st =0.1,1,10 (from top to bottom).

Fig. 1 depicts the behavior of D/Dg versus the dimensionless mass m for five different
values of the reference friction 7,. The diffusion constant (5.1) is a smooth function
of all parameters which approaches finite values in all limiting cases. It monotoni-
cally decreases as a function of both particle mass m € (0,00), and reference friction

7o € [1,00).
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1.8
1.6+
D
Dg
1.4
1.2-
1""|""|""|"'
-1 -0.5 0 0.5 1

log, (’3’0)

Fig. 3. D/Dg for continuous friction fluctuations as a function of log,y(7,) for u=1 and #1=0.1,1,10 (from
top to bottom).

The cases with discontinuous friction fluctuations of the Kubo—Anderson type and
positive-valued continuous fluctuations of the type of Eq. (4.23) are depicted with
Figs. 2 and 3. From Fig. 2 we deduce that the diffusion ratio D/Df is always enhanced
in accordance with general inequality (1.2) but can be controlled selectively as a func-
tion of the exponent u of the Gamma distribution. There is only a minor difference
between the diffusion enhancements of these two fluctuating friction models which co-
incide in the distribution of friction values but differ with respect to their dynamics.
The enhancement reaches maximal values for a small Brownian particle mass m — 0
with D/Dg = )78‘_1()70 + p)e (1 — u,7,) for Kubo-Anderson friction fluctuations. The
monotonically decreasing dependence on the reference friction §, is shown in Fig. 3
for continuous friction fluctuations. The maximal enhancement of D/Dg is achieved for
small reference friction y, and small mass 7.
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Appendix A. Long-time behavior of the velocity-position correlation

We assume that the stationary process y(¢) is ergodic and that its mean value
(y) is positive. Because of the ergodicity, the process y(¢) takes almost all of its
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possible values within sufficiently long intervals. Consequently, the integrated pro-
cess I'(t) defined in Eq. (2.5) grows in time without bound and e~ ') monotoni-
cally decreases and approaches zero in the limit 1 — oo. The ¢+ — oo-limit of the
position-velocity correlation function (2.6) consequently becomes:

lim (x()o(1)) = kﬁf /O (e~ 1)) ds . (A.1)

Appendix B. Multiplicative model of continuous viscosity fluctuations

The stochastic process z(¢) defined by Eq. (4.23) is a stationary Markovian diffusion
process. Its time-evolution is governed by the Fokker—Planck operator

0 0
A:—E(w—ﬁz)—i—s@z. (B.1)

Its normalized stationary solution is given by (4.20). The transition probability
p(z,t|z0,8) = p(z,t — s|zp) can be expressed in terms of the eigenvalues —nfl, n =
0,1,2,..., left eigenfunctions Lf,’fl(z/c) and right eigenfunctions n!l'(1)/
I'(u+n) Lf,’fl(z/c) pst(z) of the Fokker—Planck operator

p(zt|z0,5) = pst(z)z e/ (zo)e)e P, 1=s, (B2)

I"( + ) I‘I

where Lﬁf_l(x) denote the generalized Laguerre polynomials, the paramaters ¢ and u
are defined by Eq. (4.25). Since the process z(¢) is Markovian, all finite-dimensional
distributions are known provided that an initial distribution p(z,0) is given. We impose
p(z,0)= pg(z). Then p(z,t)= ps(z) and the statistical moments (z"(¢)) (n=1,2,3,...)
do not depend on time. In particular,

() = /B, (Z(1) — (z(1))* = we/B* . (B.3)

Using the spectral representation of the transition probability one obtains for the sta-
tionary correlation function:

(0)=(s)) — () a(s)) = / / 220 (2. 1170,5) plz0. ) dz 20 — (/B
0 0
= (we/pH)e M=, >5. (B.4)

Accordingly, the process z(¢) is exponentially correlated with the correlation time

.= 1/p.
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